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Region
Daichi Kagamihara and Yoji Ohashi
Department of Physics, Keio University, 3-14-1 Hiyoshi, Kohoku-ku, Yokohama 223-8522, Japan
We theoretically assess the conjecture proposed by Kovtun, Son, and Starinets, stating that the ratio
η/s of the shear viscosity η to the entropy density s has the lower bound as η/s ≥ ~/(4pikB). In the
normal state of a mass-imbalanced ultracold Fermi gas, consistently including strong-coupling corrections
to both η and s within the self-consistent T -matrix approximation, we evaluate η/s over the entire BCS
(Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover region, in the presence of mass
imbalance. We find that η/s achieves the minimum value 4.5× ~/(4pikB), not at the unitarity, but slightly
in the BEC regime, (kFas)
−1
≃ 0.4 > 0 (where as is the s-wave scattering length, and kF is the Fermi
momentum). In contract to the previous expectation, we find that this lower bound is almost independent
of mass imbalance: Our results predict that all the mass-balanced 6Li-6Li and 40K-40K mixtures and the
mass-imbalanced 40K-161Dy mixture give almost the same lower bound of η/s. We also point out that the
two quantum phenomena, Pauli blocking and bound-state formation, are crucial keys for the lower bound
of η/s.
1. Introduction
In 2005, Kovtun, Son, and Starinets (KSS) proposed1)
that the ratio η/s of the shear viscosity η to the entropy
density s should be lower-bounded as
η
s
≥
~
4pikB
, (1)
in all relativistic quantum field theories at finite tem-
perature with zero chemical potential. Because Eq. (1)
doesn’t involve the speed of light c, KSS predicted that
it would also be applicable to the non-relativistic case,
at least in a single-component gas with spin 0 or 1/2.
Regarding this so-called KSS conjecture, the factor ~
in the right-hand side of Eq. (1) indicates that the exis-
tence of the lower bound (KSS bound) is associated with
a quantum effect. In addition, we note that this bound
is also related to particle-particle correlations. To simply
see this, we conveniently employ the expressions for the
viscosity,
η ∼ nlmfppav, (2)
as well as the entropy density,
s ∼ nkB, (3)
in a simple classical gas.2, 3) Here, n, lmfp, and pav are the
number density, the mean free path, and the averaged
momentum, respectively. Then, the ratio,
η
s
∼
lmfppav
kB
∝ lmfp, (4)
is found to be smaller for shorter mean free path lmfp.
That is, a strongly interacting quantum fluid is a promis-
ing candidate to approach the KSS bound.
Because η/s is related to the strength of particle-
particle correlations, and Eq. (1) is independent of de-
tailed system properties, η/s has been considered as a
useful quantity for the study of quantum fluids from the
general viewpoint. For example, Scha¨fer and Teaney eval-
uated η/s from experimental data in some strongly cor-
related quantum fluids as4)
η/s ≥


8.8 : liquid 4He,
6.3 : unitary Fermi atomic gas (6Li),
5.0 : quark-gluon-plasma (QGP),
(5)
in the unit of ~/(4pikB). Because η/s ∼ 380×~/(4pikB) in
water under the normal condition,1) the minimum values
of these quantum fluids in Eq. (5) are very close to the
KSS bound.
Although some theoretical counterexamples of the
KSS conjecture have actually been pointed out,5–10) at
least all the three real systems in Eq. (5) satisfy Eq. (1).
However, it is still unclear whether or not one can obtain
a smaller value of η/s than Eq. (5) in some of these sys-
tems, when a more appropriate situation is considered.
In this respect, an ultracold Fermi gas has an advantage,
because a tunable interaction associated with a Feshbach
resonance11) allows us to investigate correlation effects
on η/s in a systematic manner.
When we simply apply Eq. (4) to the BCS (Bardeen-
Cooper-Schrieffer)-BEC (Bose-Einstein condensation)
crossover regime12–19) of an ultracold Fermi gas, we find
that η/s diverges in both the BCS and BEC limits, be-
1
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cause the system becomes an ideal gas there (lmfp →∞).
On the other hand, in the BCS-BEC crossover region,
noting that lmfp ∼ 1/(nσs)
20) (where σs ∝ a
2
s is the cross
section with as being the s-wave scattering length), one
finds that Eq. (4) vanishes at the unitarity a−1s = 0.
Of course, this is a rough estimation; however, one may
still expect that the unitary limit is a candidate for the
interaction strength at which the lower bound of η/s is
obtained. This is one reason why η and η/s have recently
attracted much attention around the unitary limit of an
ultracold Fermi gas.2, 3, 21–50)
Although the condition for the lower bound of η/s is
still unknown in cold Fermi gas physics, the following
recent studies may be helpful: (1) The observed η in a
6Li Fermi gas takes a minimum value, not at the uni-
tarity, but in the BEC side.24) This is consistent with
the recent theoretical predictions.48, 49) Thus, the lower
bound of η/s might also be obtained in the BEC side. (2)
Within the kinetic approach to a two-dimensional Fermi
gas, Ref.34) recently predicted that mass imbalance low-
ers the magnitude of η/s.
Keeping (1) and (2) in mind, we theoretically as-
sess the KSS conjecture in the normal state of a three-
dimensional ultracold Fermi gas with mass imbalance. To
evaluate the ratio η/s in the BCS-BEC crossover region,
we consistently include strong-coupling corrections to the
shear viscosity η and the entropy density s, within the
framework of the self-consistent T -matrix approximation
(SCTMA).16, 17, 29, 51, 52) We then clarify how the ratio
η/s behaves in the phase diagram of a mass-imbalanced
Fermi gas with respect to the temperature and the in-
teraction strength. We also identify where the minimum
of η/s is obtained in this phase diagram, as well as the
lower bound (η/s)l.b., in the normal state above the su-
perfluid phase transition temperature Tc. We briefly note
that SCTMA has been shown to (semi)quantitatively ex-
plain the observed η and s in a 6Li-6Li unitary Fermi
gas.24, 29, 47, 49, 51)
We note that the KSS bound has also been extensively
discussed in other research fields, such as high-energy
QGP physics,53) condensed matter physics (graphene54)
and high-Tc cuprates
55)), as well as liquid 3He and
4He.56) Thus, clarifying the detailed condition to reach
the lower bound of η/s would make an impact on these
fields. Regarding this, a tunable pairing interaction as-
sociated with a Feshbach resonance,11) as well as the
existence of various mass-imbalanced Fermi-Fermi mix-
tures, such as 6Li-40K57–60) and 40K-161Dy,61–63) would
be great advantages of cold atom physics.
This paper is organized as follows: In Sec. 2, we explain
how to consistently evaluate η and s in the normal state
of a mass-imbalanced Fermi gas, within the framework
of SCTMA.29, 49, 51, 52) In Sec. 3, we show our numerical
results on, not only η/s, but also η and s, as well as effects
of mass imbalance, in the BCS-BEC crossover region. In
this paper, we set ~ = kB = 1, and the system volume is
Fig. 1. (a) Diagrammatic representation for the shear-stress re-
sponse function Ξ(iνm) in Eq. (8). The double solid line is the
dressed Green’s function Gσ , where σ = L,H represent the light-
mass (L) and heavy-mass (H) components. pxpy/mσ and T
x,y
σ are
the bare shear-stress vertex and the dressed one, respectively. (b)
SCTMA self-energy Σσ(p, iωn) in the σ component. The dashed
line is a pairing interaction −U . (c) Dressed shear-stress vertex
Tx,yσ , being consistent with Σσ(p, iωn) in (b).
taken to be unity, for simplicity.
2. Formulation
We consider a two-component Fermi gas with mass
imbalance, described by the BCS-type Hamiltonian,
H =
∑
p,σ=L,H
ξp,σc
†
p,σcp,σ
− U
∑
p,p′,q
c†
p+q,Lc
†
p′−q,Hcp′,Hcp,L, (6)
where c†
p,L (c
†
p,H) is the creation operator of a Fermi atom
with light mass mL (heavy mass mH). ξp,σ = εp,σ−µσ =
p2/(2mσ) − µσ is the kinetic energy of the σ = L,H
component, measured from the Fermi chemical potential
µσ. −U (< 0) is a tunable pairing interaction associated
with a Feshbach resonance.11)
In the following two subsections, we explain how to
calculate η and s in SCTMA.
2.1 Shear viscosity
In the linear response theory,64, 65) the shear viscosity
η is given by26, 28, 66, 67)
η = − lim
ω→0
Im[Ξ(ω)]
ω
. (7)
The shear-stress response function Ξ(ω) is obtained from
the corresponding thermal correlation function,
Ξ(iνm) = T
∑
p,ωn,σ
pxpy
mσ
Gσ(p, iωn)T
x,y
σ (p, iωn, iωn + iνm)
×Gσ(p, iωn + iνm), (8)
by way of the analytic continuation iνm → ω + iδ. Here,
ωn and νm are the fermion and boson Matsubara frequen-
cies, respectively. δ is an infinitesimally small positive
2
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number. Equation (8) is diagrammatically described as
Fig. 1(a), where pxpy/mσ is the bare shear-stress three-
point vertex function, and T x,yσ is the dressed one. We
consistently treat the dressed vertex T x,yσ and the self-
energy Σσ in the single-particle thermal Green’s func-
tion,
Gσ(p, iωn) =
1
iωn − ξp,σ − Σσ(p, iωn)
, (9)
so as to satisfy the Ward-Takahashi identity.68–71) This
is a required condition for any consistent theory. In
SCTMA,16, 29, 49, 51) this condition is satisfied, by treating
the diagrams in Figs. 1(b) and (c)29, 49) in a consistent
manner. In these figures,
Γ(q, iνm) = −
U
1− UΠ(q, iνm)
=
1
mr
4pias
+
[
Π(q, iνm)−
∑
p
mr
p2
] , (10)
is the particle-particle scattering matrix, describing pair-
ing fluctuations. Here,
Π(q, iνm) = T
∑
p,ωn
GL(p, iωn)GH(q−p, iνm−iωn), (11)
is the pair correlation function. In Eq. (10), we have ab-
sorbed the ultraviolet divergence involved in Π(q, iνm)
into the s-wave scattering as,
16) given by
4pias
mr
= −
U
1− U
∑pc
p
mr
p2
, (12)
where pc is a momentum cutoff and
mr =
2mLmH
mL +mH
, (13)
equals twice the reduced mass. As usual, we measure the
interaction strength in terms of the inverse scattering
length (kFas)
−1, normalized by the Fermi momentum kF.
In this scale, the weak-coupling BCS regime and strong-
coupling BEC regime are characterized as (kFas)
−1 . −1
and (kFas)
−1 & +1, respectively. The unitary limit is at
(kFas)
−1 = 0.
Using Γ in Eq. (10), we obtain Σσ and T
x,y
σ in SCTMA
as, respectively,
Σσ(p) = T
∑
q′,ν′m
Γ(q′)G−σ(q
′ − p), (14)
T x,yσ (p, p+ q)
=
pxpy
mσ
+ T
∑
p′,ω′n
Γ(p+ p′ + q)T˜ x,y−σ (p
′, p′ + q)
− T
∑
q′,ν′n
G−σ(q
′ − p)Γ(q′)Γ(q′ + q)
×
∑
p′,ω′n,σ
′
[
G−σ′(q
′ − p′)T˜ x,yσ′ (p
′, p′ + q)
]
, (15)
where
T˜ x,yσ (p
′, p′ + q) = Gσ(p
′)T x,yσ (p
′, p′ + q)Gσ(p
′ + q), (16)
and −σ denotes the opposite component to σ = L,H.
In Eqs. (15) and (16), we have used the abbreviated no-
tations: p = (p, iωn), q = (0, νm), p
′ = (p′, ω′n), and
q′ = (q′, ν′m).
In the weak-coupling BCS limit, the self-energy in Fig.
1(b), as well as the vertex correction in Fig. 1(c), can be
ignored. The resulting Ξ(iνm) in Eq. (8) has the form,
Ξ(iνm) ≃ T
∑
p,ωn,σ
pxpy
mσ
G0,σ(p, iωn)
pxpy
mσ
×G0,σ(p, iωn + iνm), (17)
where
G0,σ(p, iωn) =
1
iωn − ξp,σ
, (18)
is the bare single-particle Green’s function in the σ com-
ponent. Substituting the analytic continued Eq. (17) into
Eq. (7), one obtains the diverging shear viscosity as,
ηBCS limit = −pi
∑
p,σ
(
pxpy
mσ
)2
∂f(ξp,σ)
∂ξp,σ
δ(0)→∞, (19)
where f(ξp,σ) is the Fermi distribution function.
We also reach the same conclusion in the strong-
coupling BEC limit: In this limit, the last two diagrams
in Fig. 1(c) become dominant.49) In addition, Γ in Eq.
(10) becomes proportional to the bare molecular Bose
Green’s function,
B0(q, iνm) =
1
iνm − ξBq
, (20)
as16)
Γ(q, iνm) =
8pi
m2ras
B0(q, iνm). (21)
Here, ξB
q
= q2/(2M)−µB is the molecular kinetic energy,
where M = mL +mH is the molecular mass and µB =
2µ+ Ebind is the Bose chemical potential, with Ebind =
1/(mra
2
s) being the binding energy of a two-body bound
state. Then, Ξ(iνm) in the strong-coupling BEC limit has
the form,
Ξ(iνm) ≃ −T
∑
q,ν′m
qxqy
M
B0(q, iν
′
m)
qxqy
M
×B0(q, iν
′
m + iνm). (22)
Using this, we obtain the shear viscosity in the strong-
coupling BEC limit as,
ηBEC limit = −pi
∑
q
(qxqy
M
)2 ∂nB(ξBq )
∂ξB
q
δ(0)→∞, (23)
where nB(ξ
B
q
) is the Bose distribution function. We
briefly note that the diverging results in Eqs. (19) and
3
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(23) come from the infinite lifetime τ →∞ of free Fermi
atoms and free Bose molecules, respectively. (Note that
η ∼ nlmfppav →∞, when lmfp ∝ τ →∞.)
2.2 Entropy density
SCTMA satisfies the Tan’s pressure relation,72, 73)
P =
2
3
E +
C
12pimras
, (24)
where P , E, and C are the pressure, the internal energy,
and the Tan’s contact, respectively. Substituting Eq. (24)
into the thermodynamic identity for the entropy density
s,
s =
1
T
[P + E − µLNL − µHNH] , (25)
we have
s =
1
T
[
5
3
E +
C
12pimras
− µLNL − µHNH
]
. (26)
Here, Nσ is the number of atoms in the σ = L,H com-
ponent. The internal energy E and the Tan’s contact C
in SCTMA are given by, respectively,
E = T
∑
p,ωn,σ
[
p2
2mσ
+
1
2
Σσ(p, iωn)
]
Gσ(p, iωn), (27)
C = −m2rT
∑
q,νm
Γ(q, iνm). (28)
2.3 Calculations of µσ and Tc, and computational note
In calculating η and s, we need to evaluate µσ, which
is determined from the equation for the number Nσ of
Fermi atoms in the σ component,
Nσ = T
∑
p,ωn
Gσ(p, iωn). (29)
In this paper, we only deal with the population-balanced
case (NL = NH). In this case, while the two compo-
nents have different Fermi energies εF,σ=L,H = k
2
F/(2mσ)
and different Fermi temperatures TF,σ=L,H (= εF,σ), they
have the common Fermi momentum kF.
At Tc, we solve the number equation (29), together
with the Thouless criterion,74)
Γ−1(q = 0, iνm = 0) = 0, (30)
to determine Tc and µσ(Tc) in a consistent manner.
We note that, while s is directly obtained from Eq.
(26), the analytic continuation Ξ(ω) = Ξ(iνm → ω + iδ)
is needed to obtain η in Eq. (7), which we numerically
execute by the Pade´ approximation.75) Regarding this
computation, as mentioned in our previous paper,49) we
have sometimes faced the difficulty that the Pade´ ap-
proximation unphysically gives negative or extraordinary
large/small η, especially in the BEC regime near Tc.
We have also found that this problem depends on the
detailed value of the cutoff momentum kc in comput-
ing Ξ(iνm) in Eq. (8) (which is different from pc in Eq.
(12)), as well as the number of Matsubara frequencies
in executing the Pade´ approximation. At this stage, we
cannot completely avoid these problems. Thus, leaving
these as our future problems, we take the same pre-
scription as that in Ref.:49) We first numerically calcu-
late Ξ(iνm) with various values of the momentum cutoff,
10kF ≤ kc ≤ 60kF, in the momentum summation in Eq.
(8). We then employ the Pade´ approximation75) to carry
out the analytic continuation iνm → ω + iδ, retaining
50 ∼ 100 Matsubara frequencies. We remove unphysical
negative results from data, and also remove the highest
and lowest 10% of data to avoid the influence of abnor-
mal results. We finally calculate the averaged value η¯, as
well as the standard deviation σ¯ for the remaining data,
to only retain the results satisfying |σ¯/η¯| < 0.1. We show
the regions where |σ¯/η¯| ≥ 0.1 as the gray-shaded areas
in Figs. 2 and 3. σ¯ will be used as the error of η in Eqs.
(32) and (37), as well as in Figs. 6, 8, and 9.
3. Results
3.1 η/s in the BCS-BEC crossover region
The uppermost three panels in Fig. 2 show the cal-
culated η/s for various values of the mass-imbalance ra-
tio mL/mH. For completeness, we also show SCTMA re-
sults for the shear viscosity η, as well as the entropy
density s, in the lower panels. For clarity, we also show
the density plots of Figs. 2(a1)-(c1) in Fig. 3. (As dis-
cussed soon later, since the overall structures of Figs.
2(a2)-(c2) and (a3)-(c3) are very similar to the mass-
balanced case shown in panels (a1)-(c1), we only show
the mass-balanced case in Fig. 3.) When mL 6= mH, the
heavy-mass component and light-mass component have
different Fermi temperatures TF,σ = k
2
F/(2mσ), so that
we scale the temperature T in terms of the ‘averaged’
Fermi temperature,
TF ≡
1
2
[TF,H + TF,L] =
k2F
2mr
, (31)
where mr is given in Eq. (13).
Figures 2(a1)-(a3) indicate that the overall behavior
of η/s as a function of the scaled interaction strength
(kFas)
−1 and the scaled temperature T/TF is almost the
same among the three cases. We also find from the lower
panels in Fig. 2 that this result comes from the fact that
η and s are also not so sensitive to the mass-imbalance
ratio mL/mH.
To understand the dependence of η/s on the temper-
ature and the interaction strength shown in Figs. 2(a1)-
(a3), it is useful to grasp the characteristic behavior of
each s and η: (1) The entropy density s always mono-
tonically decreases with decreasing the temperature, and
is not so sensitive to the interaction strength (see pan-
els (c1)-(c3)). (2) In addition to the diverging behavior
in the BCS and BEC limits (see Eqs. (19) and (23)),
4
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Fig. 2. (Color online) Calculated (a) η/s, (b) η, and (c) s, in the BCS-BEC crossover regime of an ultracold Fermi gas. Panels (i1), (i2),
and (i3) (i=a,b,c) show the cases when mL/mH = 1 (
6Li-6Li and 40K-40K mixtures), mL/mH = 0.5, and mL/mH = 40/161 (
40K-161Dy
mixture), respectively. The temperature is normalized by TF = k
2
F/(2mr). n is the total number density of Fermi atoms. The dotted line
in the T -(kFas)
−1 plane is Tc. The dashed line in each panel shows the result at Tc. In panels (a) and (b), the gray-shaded areas in the
BEC side near Tc are the regions where we could not calculate η due to the numerical problem mentioned in the text.
the shear viscosity η exhibits non-monotonic tempera-
ture dependence. In the mass-balanced case (panel (b1)),
the origin of this non-monotonic behavior has been ex-
plained in Ref.49) Because of the above-mentioned sim-
ilarity among Figs. 2(b1)-(b3), we expect that this ex-
planation would also be valid for the mass-imbalanced
case. That is, (i) at high temperatures, the temperature
dependence of η ∝ T κ (where κ is a positive constant)
may be understood as a property of an ordinary classical
gas.2, 3) (ii) In the weak-coupling regime at low tempera-
tures (T ≪ TF), Fermi quasi-particle scatterings are sup-
pressed by the Pauli blocking, which elongates the mean
free path as lmfp ∝ T
−2, leading to η ∝ T−2 (see Eq. (2)).
(iii) In the BCS side near Tc, the enhancement of pairing
fluctuations again shortens lmfp, giving the decrease of η
with decreasing the temperature.49) This makes a peak
structure near Tc in this regime (see Figs. 2(b1)-(b3)).
(iv) In the strong-coupling BEC regime, when Fermi
atoms form stable molecules overwhelming thermal dis-
sociation, η increases with decreasing the temperature,
reflecting the increase of the weakly interacting stable
bosons.
From the above discussions on s and η, one finds that
the interaction dependence of η/s is mainly determined
by η. In particular, η/s diverges in the BCS and BEC lim-
its, because of the diverging η there. For the temperature
dependence, since s always monotonically decreases with
decreasing temperatures, η/s increases with decreasing
the temperature in the BCS and the BEC regime near
Tc where η increases with decreasing the temperature.
76)
In the high-temperature region where both s and η de-
crease as one decreases the temperature, one cannot im-
mediately conclude the detailed temperature dependence
of η/s. However, our numerical results show that it al-
ways decreases with decreasing the temperature in this
regime. As a result, for a given interaction strength, the
temperature dependence of η/s always takes a minimum
value (≡ (η/s)min) at a certain temperature (≡ Tmin)
above Tc, as shown in Fig. 4.
3.2 Lower bound of η/s and effects of mass imbalance
Although Figs. 2(a1)-(a3) look similar to one an-
other, Fig. 4 shows that the evaluated (η/s)min actu-
ally depends on mL/mH. We here discuss detailed mass-
imbalance effects on η/s, especially near the lower bound
of this ratio.
Figure 5 shows η/s, η, and s, as functions of the tem-
perature. Here, for later convenience, the temperature is
normalized by the Fermi temperature TF,H of the heavy-
mass component. This corresponds to the situation that
5
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Fig. 3. (Color online) Same plots as Figs. 2(a1)-(c1), but using
the density plots. In each panel, the dotted line shows Tc. In panels
(a) and (b), the gray-shaded areas in the BEC side are the regions
where we could not calculate η due to the numerical problem men-
tioned in the text.
Fig. 4. (Color online) Evaluated minimum value (η/s)min as a
function of the interaction strength (kFas)
−1.
we fix mH and tune the mass-imbalance ratio mL/mH
by adjusting (decreasing) mL. We briefly note that this
scaled temperature T/TF,H is also used in Ref.
34) in ex-
amining η in a mass-imbalanced Fermi gas by the kinetic
theory.
We see in Figs. 5(b1)-(b3) that the mass imbalance
(mL/mH < 1) suppresses η, except in the weak-coupling
case shown in panel (b1). Although this result is consis-
tent with the previous work,34) we find in panels (c1)-(c3)
that the mass imbalance also suppresses s. (We will dis-
cuss background physics of these mass-imbalance effects
on η and s in Sec. 3.3.) As a result, the effects of mass
imbalance on η/s around Tmin are not so remarkable,
compared to the suppression of η (see Figs. 5(a1)-(a3)).
In particular, as shown in Fig. 6, the lower bound of
η/s (≡ (η/s)l.b.), which is given as the minimum value
of (η/s)min, is almostmL/mH-independent, although, ex-
cept for this special case, (η/s)min depends on mL/mH.
At present, we can only deal with the case down to
mL/mH = 40/161 ≃ 0.248 (
40K-161Dy Fermi mixture)
because of the computational problem. At least within
our numerical results, the lowest value (η/s)l.b. seems
almost universal in a mass-imbalanced Fermi gas.
Comparing this calculated lower bound with the KSS
bound in Eq. (1), one finds
(η
s
)
l.b.
= (4.5± 0.2)×
~
4pikB
, (32)
where the error is the maximum value of σ¯/s among the
calculated cases, 40/161 ≤ mL/mH ≤ 1. σ¯ is defined at
the end of Sec. 2. As seen in Fig. 4, η/s reaches this lower
bound, when (kFas)
−1 ≃ 0.4. At this stage, we cannot
analytically prove the universality of the lower bound
in Eq. (32) in a mass-imbalanced Fermi gas. However, at
least numerically, our result indicates that Eq. (32) holds
in the wide parameter region with respect to the mass-
imbalance ratio. Thus, it would be an interesting experi-
mental challenge to confirm this prediction by observing
6Li-6Li,50) 40K-40K,77) and 40K-161Dy61–63) mixtures. At
present, our theory cannot examine the more highly im-
balanced 6Li-40K mixture57–60) (mL/mH = 6/40 = 0.15)
because of the computational problem. However, it would
be interesting to experimentally examine whether or not
this universality still holds even there. We briefly note
that the tuning of the interaction strength by using a
Feshbach resonance is possible in all these Fermi gases.
3.3 Mass-imbalance effects on η and s in the BCS-BEC
crossover region
Although the main topic of this paper is η/s, we here
discuss mass-imbalance effects on η and s in the BCS-
BCS crossover region.
3.3.1 Shear viscosity η
In the weak-coupling BCS regime, when the temper-
ature T is slightly below TF,L but is still much higher
than TF,H, while the light-mass component enters the
Fermi degenerate regime, the heavy-mass component is
still in the classical regime. Thus, compared to the mass-
balanced case near the Fermi temperature, the suppres-
sion of quasi-particle scatterings by the Pauli blocking
would be weak. This shortens the mean free path lmfp,
which decreases η.34) This tendency can be seen in Fig.
5(b1) at high temperatures.
When T . TF,H in the BCS regime, both the light-
mass and heavy-mass components are in the Fermi de-
6
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Fig. 5. (Color online) Calculated temperature dependence of (a) η/s, (b) η, and (c) s, in the normal state above Tc. Panels (i1), (i2),
and (i3) (i=a,b,c), show the cases when (kFas)
−1 = −1 (BCS side), (kFas)
−1 = 0 (unitarity limit), and (kFas)
−1 = 0.5 (BEC side),
respectively. The temperature is normalized by the Fermi temperature TF,H = k
2
F/(2mH) of the heavy-mass component. The values of
Tmin in panels (a1)-(a3) are as follows: (a1) Tmin/TF,H = 0.78 (mL/mH = 1), 1.03 (mL/mH = 0.5), and 1.43 (mL/mH = 40/161). (a2)
Tmin/TF,H = 0.38 (mL/mH = 1), 0.538 (mL/mH = 0.5), and 0.974 (mL/mH = 40/161). (a3) Tmin/TF,H = 0.33 (mL/mH = 1), 0.46
(mL/mH = 0.5), and 0.574 (mL/mH = 40/161).
Fig. 6. (Color online) Calculated lower bound (η/s)l.b. in the
unit of ~/(4pikB), which is almost independent of mL/mH (≤ 1).
This lower bound is obtained at (kFas)
−1 ≃ 0.4 near Tc. For
comparison, we also plot (η/s)min at (kFas)
−1 = −0.5 and at
(kFas)
−1 = 0. The error bars show 3σ¯/s. The same error bars are
also used in Figs. 8(a) and 9. Each vertical line corresponds to the
Fermi-Fermi mixture written above this figure. ‘KSS’ shows the
KSS bound in Eq. (1).
generate regime. In this case, the light-mass compo-
nent is already deep inside the Fermi degenerate regime
(T ≪ TF,L). As a result, the Pauli blocking effect on
quasi-particle scatterings works more remarkably, com-
pared to the case of a mass-balanced Fermi gas slightly
below the Fermi temperature. Thus, the upturn behav-
ior of η (which originates from the suppression of quasi-
particle scatterings by the Fermi degeneracy) starts to
occur from a higher temperature in the mass-imbalanced
case than in the mass-balanced case. Indeed, Fig. 5(b1)
shows that the temperature at which η takes a minimum
value increases, as the mass-imbalance ratio mL/mH de-
creases from unity.
In the strong-coupling BEC regime, the Pauli block-
ing effect is no longer expected. Instead, because system
properties are dominated by tightly bound molecules in
this regime, their correlations play crucial roles for the
mass-imbalance effects on η: In SCTMA, an effective
molecular interaction UB in this regime has the form,
16)
UB =
4piaB
M
, (33)
where M = mL +mH is the molecular mass, and
aB =
M
mr
as =
(mL +mH)
2
2mLmH
as. (34)
is the s-wave molecular scattering length, which increases
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as mL/mH decreases from unity. This mass-imbalance
effect thus decreases η.
In addition, the so-called intraband scattering pro-
cess is known to contribute to the molecular damping
γ(q, ω ≥ 0), which is given by,49)
γ(q, ω ≥ 0) ∼
∑
σ
m2σ∆
2
pg
16pi|µav|2
eµσ/T
(
ω
q
)
e−
mσ
2T (
ω
q )
2
.
(35)
Here, µav = (µL + µH)/2 is the averaged chemical po-
tential, and ∆pg =
√
−T
∑
q,νm
Γ(q, iνm) is sometimes
referred to as the pseudogap parameter in the litera-
ture, which physically describes effects of pairing fluc-
tuations. In the strong-coupling BEC regime, both µL
and µH are negative, satisfying |µL+µH| = Ebind (where
Ebind = 1/(mra
2
s) is the binding energy of a two-body
bound state). In the presence of mass imbalance, one
finds that µL > µH, and µL − µH becomes large when
the mass-imbalance ratio mL/mH decreases from unity.
This enhances the molecular damping γ(q, ω ≥ 0) in Eq.
(35), leading to the suppression of η, as seen in Fig. 5(b3).
3.3.2 Entropy density s
In the weak-coupling BCS regime, both the σ = L,H
components start to enter the Fermi degenerate regime
when T . TF,H. In this case, the light-mass component is
already deep inside this quantum regime (T ≪ TF,L), so
that s becomes smaller than that in the mass-balanced
case near the Fermi temperature (see Fig. 5(c1)).
In the BEC regime, (1) when mL decreases with fixing
mH, molecular massM = mL+mH becomes light, which
raises the BEC transition temperature TBEC. (2) The
entropy density s = 5ζ(5/2)/[4ζ(3/2)]n ≃ 0.642n of an
ideal Bose gas with n/2 molecular density at TBEC does
not depend on mass (where n is the total number density
of Fermi atoms, and ζ(x) is the Riemann’s zeta function).
(3) Above TBEC, lighter molecular mass gives smaller
entropy density, because thermal excitations of lighter-
mass particles are more difficult. Because of (1)-(3), s
becomes small as mL/mH decreases from unity, as seen
in Fig. 5(c3).
3.4 Key quantum phenomena for the lower bound of η/s
Figure 7 shows the temperature Tmin (where (η/s)min
is obtained at each interaction strength). We find
from this figure that the lowest Tmin is realized when
(kFas)
−1 ≃ 0.4 in both the mass-balanced and mass-
imbalanced cases shown in panels (a) and (b), respec-
tively. Here, we point out that the lower bound (η/s)l.b.
in Eq. (32) is also obtained at this interaction strength
(see Fig. 4). Using this fact, we explain background
physics of (η/s)l.b. in this subsection.
Fig. 7. (Color online) (a) Temperature Tmin at which (η/s)min
is obtained in the mass-balanced case (mL/mH = 1). T (µav = 0)
is the temperature at which the Fermi chemical potential µ (=
µH = µL) vanishes. Ebind = 1/(ma
2
s) is the binding energy of a
two-body bound state (where m = mH = mL is the atomic mass).
Tdip is the temperature at which η(T ) exhibits a dip. (b) Tmin
and T (µav = 0) in the mass-imbalanced case when mL/mH = 0.5.
We also plot T (µH = 0) and T (µL = 0) below which µH and µL
become positive, respectively.
3.4.1 Origin of the interaction dependence of Tmin
We first discuss the origin of the interaction depen-
dence of Tmin in the mass-balanced case shown in Fig.
7(a). For this purpose, we introduce the two characteris-
tic temperatures (1) T (µav = 0) (below which µav > 0)
and (2) T = Ebind. Then, the behavior of Tmin in Fig.
7(a) can be explained as follows:
(i) In the weak-coupling BCS regime, while η decreases
with decreasing the temperature in the classical
regime,2, 3, 34) it exhibits a dip structure at a cer-
tain temperature (≡ Tdip) in the Fermi degener-
ate regime, below which η increases with decreasing
the temperature. This is because the Pauli block-
ing brings about a long quasi-particle lifetime, lead-
ing to the enhancement of η. Although η again de-
creases near Tc due to pairing fluctuations (see Fig.
2(b1)),49) η/s is still very large there because of
small s. Thus, in the weak-coupling BCS regime,
the temperature Tmin at which η/s becomes mini-
mum is related to Tdip. Since the Pauli blocking is
a Fermi-surface effect, it only works in the Fermi
degenerate regime below the characteristic temper-
ature T (µav = 0) which is defined as the temper-
ature below which µav becomes positive. That is,
Tdip < T (µav = 0) in the BCS regime.
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In the BCS regime, the monotonic temperature de-
pendence of s in the ratio η/s simply gives Tmin >
Tdip. On the other hand, because the interaction de-
pendence of s is weak (see Fig. 2(c1) and 3(c)), the
interaction dependence of Tmin is similar to that of
T (µav = 0) and Tdip, as shown in Fig. 7(a). As one
approaches the BCS-BEC crossover region from the
weak-coupling side, T (µav = 0) eventually reaches
Tc at (kFas)
−1 ≃ 0.5, so that Tmin also becomes
close to Tc there. In the unitary regime, a strong
pairing interaction gives a short lifetime of Fermi
quasi-particles, giving small η/s there.
(ii) In the strong-coupling BEC regime, when the tem-
perature becomes lower than T = Ebind, the for-
mation of two-body bound molecules starts to oc-
cur, overwhelming their thermal dissociations. In
such a molecular Bose gas, the large binding energy
Ebind = 1/(mra
2
s) and weak molecular-scattering ef-
fects16, 17, 49) lead to a long lifetime τB of Bose quasi-
particles, giving large η ∝ τB. Thus, as one decreases
the temperature from T ≫ Ebind, η exhibits a dip
at Tdip ∼ Ebind. As a result, Tmin is located close
to Ebind (see the BEC regime in Fig. 7(a)). Because
of the weak interaction dependence of s in the BEC
side (see Figs. 2(c1) and 3(c)), the interaction de-
pendence of Tmin is similar to that of Ebind. Then,
since Ebind = 1/(mra
2
s) vanishes at the unitarity
(kFas)
−1 = 0, Tmin decreases with approaching the
unitary limit from the BEC side.
Together with the above discussions starting from the
BCS regime (i) and BEC regime (ii), one reaches the
conclusion that Tmin takes the lowest value at
T (µav = 0) ≃ Ebind. (36)
Indeed, Fig. 7(a) shows that Eq. (36) is realized at
(kFas)
−1 ≃ 0.4.
The above discussion can be extended to the mass-
imbalanced case shown in Fig. 7(b): In this case, the
temperature (≡ T (µL = 0)) below which µL > 0 is
different from the temperature (≡ T (µH = 0)) below
which µH > 0 (see Fig. 7(b)). However, even in this situ-
ation, we still expect that the Pauli blocking effect would
become crucial below the above-mentioned characteris-
tic temperature T (µav = 0) (below which the averaged
chemical potential µav = [µL + µH]/2 becomes positive).
Indeed, Fig. 7(b) shows that, in the mass-imbalanced
case, the interaction dependence of Tmin in the BCS side
is still close to that of T (µav = 0) as in the mass-balanced
case. Because T = Ebind does not depend on mL/mH in
Fig. 7, the above discussion for a mass-balanced Fermi
gas is also valid for the mass-imbalanced case.
3.4.2 Lower bound of η/s and two quantum effects
Because (1) η/s becomes small in the unitary regime
due to short atomic mean free path lmfp (see Eq. (4)),
Fig. 8. (Color online) (a) Comparison of calculated η/s (T ≥ Tc)
in SCTMA with the recent experiment on a mass-balanced 6Li-
6Li unitary Fermi gas.50) The latter result is obtained from the
experimental data in Refs.47, 78) Tc(Exp.) is the observed Tc.78)
(b) and (c) compare η and s in SCTMA with the experimental
results,50, 78) respectively.
and (2) η/s decreases with decreasing the temperature
when T ≥ Tmin, (η/s)l.b. is obtained at (kFas)
−1 ≃ 0.4
where Tmin takes the lowest value.
As mentioned in the introduction, the appearance of
~ in the right-hand side of Eq. (1) means that the
KSS bound is associated with a quantum phenomenon.
To understand this, Tmin is also useful: In the weak-
coupling BCS regime, the Pauli blocking effect occur-
ring in the Fermi degenerate regime (which determines
Tmin in this regime) is just a quantum statistical phe-
nomenon. In the BEC side, we also recall that the forma-
tion of the two-body bound state is a quantum mechan-
ical phenomenon, because the binding energy involves
~ as Ebind = ~
2/mra
2
s. Thus, at least in an ultracold
Fermi gas, these two quantum phenomena are crucial
keys in obtaining the lower bound (η/s)l.b. in Eq. (32):
These commonly bring about long lifetimes of Fermi and
(molecular) Bose quasi-particles in the BCS and BEC
regime, respectively. Then, η is enhanced at low temper-
atures, bringing about a dip in the temperature depen-
dence of η/s.
3.5 Comparison with experiments
We finally compare our results with recent experi-
ments on a mass-balanced 6Li-6Li unitary Fermi gas:4, 50)
The minimum value (η/s)unitaritymin = 7.1 (in the unit of
~/(4pikB)) obtained in our SCTMA at the unitarity is
somehow larger than (η/s)unitaritymin = 6.3 evaluated in
Ref.,4) as well as (η/s)unitaritymin = 5.0 in Ref.
50) As shown
in Fig. 8(a), the calculated η/s in SCTMA is comparable
to the latter analysis;50) however, the dip temperature
Tmin/TF ≃ 0.4 in SCTMA is higher than the observed
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Fig. 9. (Color online) Comparison of our SCTMA results (lines)
with the recent Quantum Monte Carlo results (points with error
bars).48)
one Tmin/TF ≃ 0.3. We find from Figs. 8(b) and (c) that
this discrepancy comes from, not s, but the detailed tem-
perature dependence of η.
At present, η/s around (kFas)
−1 = 0.4 has not been
measured yet. However, it has recently been observed in a
mass-balanced 6Li-6Li Fermi gas that the minimum of η
exists in the BEC side (0.25 . (kFas)
−1 . 0.5),24) which
is consistent with our prediction. In the mass-balanced
case, the deviation of the interaction strength at which
(η/s)l.b. is obtained from the unitary limit ((kFas)
−1 ≃
0.4) has also recently been obtained by Quantum Monte
Carlo simulation (QMC)48) (see Fig. 9).
4. Summary
To summarize, we have theoretically discussed the
lower bound of the ratio η/s and the effects of mass im-
balance in the normal state of an ultracold Fermi gas
in the BCS-BEC crossover region. For this purpose, we
have calculated the shear viscosity η, as well as the en-
tropy density s, within the same framework of the self-
consistent T -matrix approximation, to numerically eval-
uate this ratio.
We showed that the calculated η/s does not contradict
with the KSS conjecture: We obtained
η
s
≥ (4.5± 0.2)×
~
4pikB
. (37)
The lowest value is obtained, not in the unitary limit,
but slightly in the BEC regime at (kFas)
−1 ≃ 0.4 >
0. Surprisingly, this lower bound is universal in a mass-
imbalanced Fermi gas (within our numerical accuracy),
in the sense that it is irrespective of the detailed value of
mL/mH. We also pointed out that the Pauli blocking in
the weak-coupling BCS regime, as well as the formation
of two-body bound molecules in the strong-coupling BEC
regime, are keys to obtaining this lower bound.
In a sense, the mL/mH-independence of the lower
bound of η/s is consistent with the prediction by KSS,
although the value of the lower bound is about 4.5 times
larger than their conjecture. So far, we have only numer-
ically confirmed the universality of the lower bound of
η/s in a mass-imbalanced Fermi gas. If one can analyti-
cally prove it starting from the standard BCS model in
Eq. (6), it would contribute to the further understand-
ing of the KSS conjecture. Such an analytical approach
remains as our future problem. In addition, because our
results cover various kinds of Fermi atomic gases, rang-
ing from mass-balanced 6Li-6Li and 40K-40K mixtures to
a highly mass-imbalanced 40K-161Dy mixture, system-
atic measurements of η/s in these gases would also be
an interesting experimental challenge. Although our nu-
merical calculations in this paper cannot cover the more
highly mass-imbalanced 6Li-40K mixture, it would also
be interesting to experimentally examine whether or not
the same lower bound is obtained even in this case. Be-
cause the effects of mass imbalance are also important in
Bose-Fermi mixtures and electron-hole systems, our re-
sults may contribute to the study of the KSS conjecture
there.
Although the present SCTMA approach still has room
for improvement/extension, such as extension to the su-
perfluid phase, as well as more sophisticated treatment
of molecular correlations in the BEC regime, our results
would be useful for, not only cold atom physics, but
also various fields, such as condensed matter physics and
high-energy QGP physics, where the KSS bound has ex-
tensively been discussed.
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